The aim of this paper is to show that under a mild semicontinuity assumption (the so-called segmentary epi-closedness), the cone-convex (respectively, cone-quasiconvex) set-valued maps can be characterized in terms of weak cone-convexity (respectively, weak cone-quasiconvexity), i.e., the notions obtained by replacing in the classical definitions the conditions of type "for all x, y in the domain and for all t in ]0, 1[ . . ." by the corresponding conditions of type "for all x, y in the domain there exists t in ]0, 1[ . . . ."
Introduction
Throughout this paper we denote by X and Y two linear spaces, the last one being partially ordered by a convex cone K (i.e., K + K ⊂ R + K ⊂ K = ∅). Given a set-valued map F : X → 2 Y it will be convenient to denote, for every (x, y) ∈ X 2 ,
C F (x, y) = t ∈ [0, 1]: tF (x) + (1 − t)F (y) ⊂ F tx
Recall (see, e.g., [1, 2] ) that F is said to be In other words, a set-valued map F : X → 2 Y is K-convex if and only if its epigraph Epi(F ) = {(x, ξ ) ∈ X × Y : ξ ∈ F (x) + K} is a convex set, and F is K-quasiconvex if and only if the level set F −1 (ξ − K) = {x ∈ X: ξ ∈ F (x) + K} is convex for each ξ ∈ Y .
By analogy to real-valued functions (see, e.g., [3] ), F will be called
By convexity of the cone K, it follows that any K-convex (respectively, weakly Kconvex) map is K-quasiconvex (respectively, weakly K-quasiconvex).
The aim of this paper is to give sufficient conditions for a weakly K-convex (respectively, weakly K-quasiconvex) set-valued map to be K-convex (respectively, Kquasiconvex). However, we also focus on vector-valued functions. A vector-valued func-
is K-convex (respectively, K-quasiconvex, weakly K-convex, weakly K-quasiconvex).
In particular, if Y = R and K = R + , this approach will allow us to recover some known results concerning real-valued generalized convex functions, obtained by Aleman [3] , Mukherjee and Reddy [4] , and Yang and Liu [5] .
Almost segmentary-valued maps
For each pair (x, y) ∈ X 2 , we define the function x,y :
The following basic property will be often used in the sequel: for every points x, y ∈ X and for any numbers t, s, r ∈ [0, 1], we have
Definition 2.1. Let S : X 2 → 2 X be a set-valued map, which assigns to each pair (x, y) of points of X a subset S(x, y) of X. We say that S is almost segmentary-valued if it satisfies the following conditions:
for all x, y ∈ X and u, v ∈ S(x, y). 
Conversely suppose that (A2) holds. Then, in order to prove (A1) it suffices to show that the set −1
To this end, suppose on the contrary that
Since by (C1) we have {0, 1} ⊂ −1 x,y (S(x, y)), we can define the following numbers:
Obviously we have α a < b β, and by (5) we infer that
On the other hand, since −1 x,y (S(x, y)) is closed, by (6) we have {α, β} ⊂ −1 x,y (S(x, y)). Then the points u := x,y (α) and v := x,y (β) belong to S(x, y) and by (C3) it follows that S(u, v) ⊂ S(x, y). By (7) we have
Note that x = y since, otherwise, by (C1) we should have S(x, y) = [x, y] and hence
, which is not the case. Thus x,y is bijective and by (8) we have In this case, it is a simple exercise to check that S is almost segmentary-valued. However, the set −1 x,y (S(x, y)) is not dense in [0, 1] if xy < 0.
Segmentary epi-closed set-valued maps
In what follows we shall assume, in addition to the previous framework, that the space Y is endowed with a linear topology. The following definition will allow us to state our main results under a mild lower semicontinuity-type assumption on a set-valued map F : X → 2 Y , that needs no topology on the linear space X.
Note that, in the particular case where X is also endowed with a linear topology, any set-valued map F : X → 2 Y which has a closed epigraph (i.e., a K-closed map cf. [1] ) is segmentary epi-closed.
Theorem 3.2. Assume that F : X → 2 Y is segmentary epi-closed. Then F is K-convex if and only if it is weakly K-convex.
Proof. Obviously F is weakly K-convex whenever it is K-convex. Suppose that F is weakly K-convex. Consider the set-valued map S : X 2 → 2 X , defined by
and let us prove that S is almost segmentary-valued. Indeed, conditions (C1) and (C2) hold, by the construction of S and by the weak K-convexity of F , respectively. In order to prove (C3), let x, y ∈ X, let u, v ∈ S(x, y), and let z ∈ S(u, v) be arbitrary. Then we can write u = x,y (t), v = x,y (s) and z = u,v (r) for some t, s ∈ C F (x, y) and r ∈ C F (u, v) . By (4) it follows that z = x,y (rt + (1 − r)s) and thus we just need to check that rt + (1 − r)s ∈ C F (x, y). Indeed, taking into account that t, s ∈ C F (x, y) and r ∈ C F (u, v) and recalling that K is a convex cone, we can deduce that
We have just proved that S is almost segmentary-valued. Now, consider any x, y ∈ X and let us show that C F (x, y) = [0, 1]. Since C F (x, y) = −1
x,y (S (x, y) ), by virtue of Lemma 2.3 it will be sufficient to prove that C F (x, y) is closed in R. Let (t n ) n∈N be a sequence in C F (x, y) , which converges tot ∈ [0, 1]. Let ζ ∈tF (x) + (1 −t )F (y). Then we can write ζ =tξ + (1 −t )η for some ξ ∈ F (x) and η ∈ F (y). Consider the sequence (ζ n ) n∈N defined, for every n ∈ N, by ζ n = t n ξ + (1 − t n )η. Then (t n , ζ n ) ∈ Epi(F • x,y ) for all n ∈ N, since t n ∈ C F (x, y). Taking into account that the sequence ((t n , ζ n ) ) n∈N converges to (t, ζ ) and recalling that F is segmentary epi-closed, we infer that
and only if it is weakly K-quasiconvex.
Proof. Similarly to the proof of Theorem 3.2, we will define an appropriate set-valued map S : X 2 → 2 X , this time by
It is easy to see that S satisfies conditions (C1) and (C2). Let us prove that (C3) also holds. Let x, y ∈ X, u, v ∈ S(x, y) and z ∈ S(u, v) be arbitrary. Then u = x,y (t), v =
x,y (s) and z = u,v (r) for some t, s ∈ Q F (x, y) and r ∈ Q F (x, y). In order to prove that S(u, v) ⊂ S(x, y), consider any z ∈ S(u, v), say z = u,v (r) with r ∈ Q F (u, v) . Since z = x,y (rt + (1 − r)s) by (4), we just need to check that rt + (1 − r)s ∈ Q F (x, y), i.e., 
On the other hand, (F (u)+K)∩(F (v)+K) ⊂ F (z)+K
∈ (F (x) + K) ∩ (F (y) + K) we have ζ ∈ F (t n x + (1 − t n )y) + K, i.e., (t n , ζ ) ∈ Epi(F • x,y ) for all n ∈ N. The set-valued map F being segmentary epi-closed, we can conclude that (t, ζ ) ∈ Epi(F • x,y ), i.e., ζ ∈ F (tx + (1 −t )y) + K. Hence (F (x) + K) ∩ (F (y) + K) ⊂ F (tx + (1 −t )y) + K, i.e.,t ∈ Q F (x, y). ✷[0, 1] → Y , i.e., Epi(f • x,y ) = {(t, z) ∈ [0, 1] × Y : z ∈ f (tx + (1 − t)y) + K} is closed in R × Y .
Conclusions
The concepts of convexity and quasiconvexity of real-valued functions have been extended to vector-valued functions and also to set-valued functions in many other ways than that considered by us in the previous section (see, e.g., [2, [6] [7] [8] ). For some of them, we can also state characterization theorems similar to Theorems 3.2 and 3.3. To this end, we just need to replace the segmentary epi-closedness by some appropriate hypotheses, in order to guarantee the closedness of the sets −1
x,y (S(x, y)), where S is an almost segmentary-valued map, defined in a manner analogous to (9) and (10).
